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Lemma [Schiirg—Toén—Vezzosi, Mann—Robalo] J

[O%g,nﬂ(x)] “is” the structure sheaf of derived thickening Rl g n1(X)
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(Categorified) Gromov—Witten classes
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Lemma [Schiirg—Toén—Vezzosi, Mann—Robalo] ‘

[O%g,nﬂ(X)] “is” the structure sheaf of derived thickening Rl g n1(X)

Idea: Algebra (in spans) over the operad ﬁo,.Jrl
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Case of a stacky target

For Mg, nt1(X) to be proper: need stacky curves [Abramovich-Graber-Vistoli]
At a marking locally of the form Spec(k[x])/p,
At a node Spec(K[x,y]/(xy))/us with balanced action (x,y) — (C-x,(71-y)

Evaluation maps

ev;: Rﬁg,n—l—l (X) —
(Cvzlvu)zn—l—l)f) = f(zi)
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Case of a stacky target

For ﬁg,nJrl(X) to be proper: need stacky curves [Abramovich-Graber—Vistoli]
At a marking locally of the form Spec(k[x])/p,

At a node Spec(K[x,y]/(xy))/us with balanced action (x,y) — (C-x,(71-y)

Evaluation maps

evi: Rillg,ny1(X) — {nr,-gerbes in X}
(C,Zl,. -°)Zn+1) f) — f(Z,)

Cyclotomic loop stack

PuX =] [dor™ (B, X)/ Bu,
r>1
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Case of a stacky target

For ﬁg,nJrl(X) to be proper: need stacky curves [Abramovich-Graber—Vistoli]
At a marking locally of the form Spec(k[x])/p,

At a node Spec(K[x,y]/(xy))/us with balanced action (x,y) — (C-x,(71-y)

Evaluation maps

evi: Rillg,ny1(X) — {nr,-gerbes in X}
(C,Zl,. -°)Zn+1) f) — f(Z,)

Cyclotomic loop stack

PuX =] [dor™ (B, X)/ Bu,
r>1

Remark: T, X, (x,5) = I'(Bur, Tx xlg) ~ (Tx xlg)*. Over Q, trivial derived structure
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Why care about stacky targets?

> X a stack, Py € Pic(X) line bundle: stable locus X7ost [Heinloth, Halpern-Leistner]
> x € XPost iff wig, (A(0)*P) < 0 for any AL/Gp 2 X such that A(1) = x
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> X a stack, Py € Pic(X) line bundle: stable locus X7ost [Heinloth, Halpern-Leistner]
> x € XPost iff wig, (A(0)*P) < 0 for any AL/Gp 2 X such that A(1) = x

> £ €Q.g, P=Po®@e: quasi-P-stable maps to X7t = xTost
[Cheong—Ciocan-Fontanine—Kim—Maulik]
» Destabilising components traded for basepoints

Example: € > 2: usual stable maps
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Why care about stacky targets?

> X a stack, Py € Pic(X) line bundle: stable locus X7ost [Heinloth, Halpern-Leistner]
> x € XPost iff wig, (A(0)*P) < 0 for any AL/Gp 2 X such that A(1) = x

> £ €Q.g, P=Po®@e: quasi-P-stable maps to X7t = xTost
[Cheong—Ciocan-Fontanine-Kim—Maulik]
» Destabilising components traded for basepoints

Example: € > 2: usual stable maps

Parameter space Pic(X)®Q-~q for the stability condition, with walls-and-chambers structure

—> Wall-crossing formulae between the virtual classes, and the induced CohFTs
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Constructing the derived moduli stack of stable maps

m

g,(r,--,r,) Moduli stack of curves with marked gerbes of orders ry,---,r, [Olsson, Costello]
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Constructing the derived moduli stack of stable maps
Mg, (r,---,r,) Moduli stack of curves with marked gerbes of orders ry,---,r, [Olsson, Costello]

Moduli of maps

Mg,n(X,B) open in toMlor /m, ,(Cguny X X Mg, n)
= [Schiirg—Toén-Vezzosi] Lifts uniquely to an open
R./”;g’n(x, B) C m{}?‘/mg’n(@g)n,x X mg)n)

Proposition [Ciocan-Fontanine—Kapranov, Schiirg—Toén—Vezzosi]

If X is smooth, RuMllg,n(X,PB) is quasi-smooth ("—Rﬁgn(X,B) perfect Tor-amplitude in [—1,0])

o
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Constructing the derived moduli stack of stable maps

Mg, (r,---,r,) Moduli stack of curves with marked gerbes of orders ry,---,r, [Olsson, Costello]

Remark: Uanersal curve cg)(rly"')rn) = mg)(rlv"')rnyl) - mga(rlv"')rn)

Moduli of maps

Mg,n(X,B) open in toMlor /m, ,(Cguny X X Mg, n)
= [Schiirg—Toén-Vezzosi] Lifts uniquely to an open
R./”;g’n(x, B) C m{}?‘/mg’n(@g)n,x X mg)n)
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o
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The operad of stacky curves

r,
H'F,,C Q_ﬁemoakn+1)('~~»rn)

C S— .
Mo, n,r 2 s U”@ ) =
“‘I’Q C Ko—"
NI
Hr Uu € Mo,ky+1,(...,n)
n

Gluing maps

mg,nJrl,(rl,...,r,,,s) ‘BQX mh)p+1)(syt1)'“)tp)

Hs

ry
where M, 11 (

balanced

o

— mg+h,n+p,(rl,...,r,,,tl,...,tp)

1 2 T—Ti" p2
Flyeestmys) — 7 — B us and mh yP+1, (s, t1,..00tp) — B s
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The operad of stacky curves Il

mganJrlv(rl)---arms) Bzx mh>p+1)(5)t1>--')tp) - ngrh)"er)(rla-”)rn;tlw*-)tp) CompOSltlon laW fOr
Hs

(modular) operad in stacks M = (N, ¢1), with stack of colours B2y = [l B2,
Unitality

Mo(; r) := Multp, (0; r) = BB p,: the nullary morphism has automorphisms B i,
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The operad of stacky curves Il

Mg 1, (r1,.rrmys) B2X Mh o1, (s,t1e0rtp) = Mgthyntp, (it t,) COMPposition law for
Hs

(modular) operad in stacks M = (N, ¢1), with stack of colours B2y = [l B2,
Unitality
Mo(; r) := Multp, (0; r) = BB p,: the nullary morphism has automorphisms B i,

= Only the (schematic) colour 1 is unital: (Mg;1) hapaxunital operad

Extensions of C € Mo(riy...yrn;rne1)

EX‘[(C)  — ﬂ”(o(rl,...,r,,,l;r,,ﬂ)
|- !
* —c— Molr, ..y i foga)
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The operad of stacky curves |l

Mg nt1,(r1, ..y rmss) B2X M pt1, (5,11, 0rtp) = Mgthyntp, (r1y.esrmsty...nt,) COMPoOsition law for

Hs

(modular) operad in stacks M = (N, ¢1), with stack of colours B2y = [l B2,
Unitality

Mo(; r) := Multp, (0; r) = BB p,: the nullary morphism has automorphisms B i,

= Only the (schematic) colour 1 is unital: (Mg;1) hapaxunital operad

Extensions of C € Mo(ryy...,rm;rmey) | GeOmetry

EXX(C) —— Mo(rty+ e iy Li 1) 2= o) g X

r mo»(q ----- nyrpy1)
l J' ~ C
*

—>"C" mo(rl,...,rn;rn+1)

in Rulo,n+1(X,B)c = Mor(Ext(C),X)

David Kern' (IMAG)
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Brane action for little disks

[Chas—Sullivan] Loop product: €p-algebra structure on He (LX), LX = Mo+ (S*, X)
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Brane action for little disks

[Chas—Sullivan] Loop product: €p-algebra structure on He (LX), LX = Mo+ (S*, X)

In (&2, %), for 0 € €y(n): Ext(c) ~\/" S In particular, Ext(id) ~ S*

Ext(o)

" ~

[ 1" Ext(id) Ext(id)
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Brane actions for hapaxunital operads

Theorem [Toén, Mann—Robalo, K., Pourcelot]

Let (©,0p) be a hapaxunital co-operad in an (co,1)-topos T. There is a lax morphism of

internal (oco,2)-operads

o 2o, C@{}épa,n(f/f)u

0] %Sn@n(l“/,)x
C — Ext(id¢)

C — JMor(Ext(idc), X)

inducing for each X

The action of 0 € 6(Cy,...,Cs; Cyy1) is given by

Ext(o)
(cro,-—)f/ f‘c
]_[7:1 EXt([dCi) EXt(lan+l)
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Sketch of construction [Mann—Robalo]

By descent: construct for T = co-Grpd

1. 6 — BGospan(co-Grpd)™ of (0o0,2)-operads
— Gnv(0) — Bospan(co-Grpd) of monoidal (co0,2)-categories
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By descent: construct for T = co-Grpd

1. 6 — BGospan(co-Grpd)™ of (0o0,2)-operads
— Gnv(0) — Bospan(co-Grpd) of monoidal (co0,2)-categories

2. Env(0) = Bodpan (co-Grpd)! = Tw(énv(0)) — oo—(BrpboPH [Barwick]
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Sketch of construction [Mann—Robalo]

By descent: construct for T = co-Grpd

1. 6 — BGospan(co-Grpd)™ of (0o0,2)-operads
— Gnv(0) — Bospan(co-Grpd) of monoidal (co0,2)-categories

2. Env(0) = Bodpan (co-Grpd)! = Tw(énv(0)) — oo—(BrphOpH [Barwick]

3. Tw(%nw(6)) — co-Grpd®P
<= discrete cocartesian fibration of (co,1)-operads B(0) — Tw(&nv(6))°

David Kern (IMAG) Brane actions for operads of (stacky) curves HMAG23 (1st March 2023)

9/10



Sketch of construction [Mann—Robalo]

By descent: construct for T = co-Grpd

1. 6 — BGospan(co-Grpd)™ of (0o0,2)-operads
— Gnv(0) — Bospan(co-Grpd) of monoidal (co0,2)-categories

2. Env(0) = Bodpan (co-Grpd)! = Tw(énv(0)) — oo—(BrphOpH [Barwick]

3. Tw(%nw(6)) — co-Grpd®P
<= discrete cocartesian fibration of (co,1)-operads B(0) — Tw(&nv(6))°

4. %(\/6) — Tw(énv(0)) encoded by discrete cartesian fibration of (co,1)-categories
B(O) — Enu(Tw(Env(0))) with weak cartesian structure [Lurie].
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Recovering the Gromov—Witten action

Corollary

— W
There is a lax morphism of (co,2)-operads in 85t~ Mo — Spom(bSt/,)X
* ngXT'St
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Recovering the Gromov—Witten action

Corollary

— G
There is a lax morphism of (c0,2)-operads in 85t Mo — Span (bSt,_ )~
* H@uX?'St

Proof.
Mo & Span (09t ,_)*
. /= Construct €7 as oplax extension:
StabJ' e GW = Opexsiap Bm, x

o Tow
Mo
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Recovering the Gromov—Witten action

Corollary

— GW
There is a lax morphism of (00,2)-operads in 35t o — Span (8St,_)*
* ngXT'St

Proof.
CW (*) = cﬂn Bm,x(r) = cﬂn Mov (Bp(r), X)
Stab(r)—x* [T B(Bu,)
reN+1
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Recovering the Gromov—Witten action

Corollary

— W
There is a lax morphism of (co,2)-operads in 85t g — Span (8St,_)*
* l—>§quP'St

Proof.
CW(x)= colim Bmx(r)= 11 colim Mor (B (r),X)

Stab(r)—s=* reN+1B(Bp,)

Remark: ®Bm(r) = Ext(id,) =My (rr1) x {id}=% x x= QB%u, =B,
Mo, (r,r) B2,
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Recovering the Gromov—Witten action
Corollary

— G
There is a lax morphism of (c0,2)-operads in 35t Mo — Span (bSt,_ )~
* HQHXTN

Proof.

aw(«)~ [] colim o (B pir, X)
rEN—O—lg('BHr)

Remark: Bm(r) = Ext(id;) = Mg (r,r,1) s {id,} = *B2>< *x=QB%u, =By,
0,(r,r) K
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Recovering the Gromov—Witten action
Corollary

— G
There is a lax morphism of (c0,2)-operads in 35t Mo — Span (bSt,_ )~
* ngX?’St

Proof.

W)~ [] colim Mor(Bpy, X) = 1T tor( By, X))/ By, =2,X
reN+1g (B ,) reN+1

Remark: Bm(r) = Ext(id;) = Mg (r,r,1) s {id,} = *B2>< *=QB%u, =By,
0,(r,r) K
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