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(Categorified) Gromov–Witten classes

∐
β∈Eff(X)

Mg,n+1(X ,β)

Mg,n+1 Xn+1

G0Mg,n+1 G0
(∐

β Mg,n+1(X ,β)
)

(G0X)⊗n+1

Stab (ev1,...,evn+1)

⊗
[
Ovir
Mg,n+1(X)

]Stab∗ (ev1,...,evn+1)
∗

Lemma [Schürg–Toën–Vezzosi, Mann–Robalo][
Ovir
Mg,n+1(X)

]
“is” the structure sheaf of derived thickening RMg,n+1(X)

Idea: Algebra (in spans) over the operad M0,•+1
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Case of a stacky target

For Mg,n+1(X) to be proper: need stacky curves [Abramovich–Graber–Vistoli]
At a marking locally of the form Spec(κ[x ])/µr

At a node Spec
(
κ[x ,y ]/〈xy〉

)
/µs with balanced action (x ,y) 7→ (ζ · x ,ζ−1 · y)

Evaluation maps

evi : RMg,n+1(X)→

{µri -gerbes in X }

(C ,Σ1, . . . ,Σn+1, f ) 7→ f (Σi)

Cyclotomic loop stack
LµX B

∐
r>1

Morrep(Bµr ,X)/Bµr

Remark: TLµX,(x,G) ' Γ(Bµr ,TX,x |G)' (TX,x |G)
µr . Over Q, trivial derived structure
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Why care about stacky targets?

I X a stack, P0 ∈ Pic(X) line bundle: stable locus XP0-st [Heinloth, Halpern-Leistner]
I x ∈ XP0-st iff wtGm(λ(0)∗P)< 0 for any A1/Gm

λ−→ X such that λ(1) = x

I ε ∈Q>0, P= P0 ⊗ ε: quasi-P-stable maps to XP-st = XP0-st

[Cheong–Ciocan-Fontanine–Kim–Maulik]
I Destabilising components traded for basepoints

Example: ε > 2: usual stable maps

Parameter space Pic(X)⊗Q>0 for the stability condition, with walls-and-chambers structure
=⇒ Wall-crossing formulae between the virtual classes, and the induced CohFTs
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Constructing the derived moduli stack of stable maps

Mg,(r1,···,rn) moduli stack of curves with marked gerbes of orders r1, · · · , rn [Olsson, Costello]

Remark: Universal curve Cg,(r1,···,rn) 'Mg,(r1,···,rn,1) →Mg,(r1,···,rn)

Moduli of maps
Mg,n(X ,β) open in t0Mor/Mg,n(Cg,n,X ×Mg,n)

=⇒ [Schürg–Toën–Vezzosi] Lifts uniquely to an open
RMg,n(X ,β)⊂Mor/Mg,n(Cg,n,X ×Mg,n)

Proposition [Ciocan-Fontanine–Kapranov, Schürg–Toën–Vezzosi]
If X is smooth, RMg,n(X ,β) is quasi-smooth (LRMg,n(X,β) perfect Tor-amplitude in [−1,0])
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The operad of stacky curves

7→

µr1
µr1

µr2

µr3

µrn

µr2

µr3

µrn

µbalancedrn

µbal.r3

µbal.r2

µbal.r1

M0,n,r 3

∈M0,k1+1,(...,r1)

∈M0,kn+1,(...,rn)

∈M0,
∑

i ki ,(...)

...

Gluing maps

Mg,n+1,(r1,...,rn,s) ×
B2µs

Mh,p+1,(s,t1,...,tp) →Mg+h,n+p,(r1,...,rn,t1,...,tp)

where Mg,n+1,(r1,...,rn,s)
pΣn+1q−−−−→B2µs and Mh,p+1,(s,t1,...,tp)

p−Tiq−−−−→B2µs

David Kern (IMAG) Brane actions for operads of (stacky) curves HMAG23 (1st March 2023) 5 / 10



The operad of stacky curves II
Mg,n+1,(r1,...,rn,s) ×

B2µs

Mh,p+1,(s,t1,...,tp) →Mg+h,n+p,(r1,...,rn,t1,...,tp) composition law for

(modular) operad in stacks M= (M?,•+1), with stack of colours B2µB
∐

r>1B
2µr

Unitality
M0(∅; r)BMultM0(∅; r) =BBµr : the nullary morphism has automorphisms Bµr

=⇒ Only the (schematic) colour 1 is unital: (M0;1) hapaxunital operad

Extensions of C ∈M0(r1, . . . , rn; rn+1)

Ext(C) M0(r1, . . . , rn,1; rn+1)

∗ M0(r1, . . . , rn; rn+1)

y

pCq

Geometry

Ext(C)'C0,(r1,...,rn,rn+1) ×
M0,(r1,...,rn,rn+1)

{C }

' C

in RM0,n+1(X ,β)C =Mor(Ext(C),X)
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Brane action for little disks

[Chas–Sullivan] Loop product: E2-algebra structure on H•(LX), LX =Mor(S1,X)

In (E2,∗), for σ ∈ E2(n): Ext(σ)'
∨n S1. In particular, Ext(id)' S1

Ext(σ)

∐n Ext(id) Ext(id)
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Brane actions for hapaxunital operads

Theorem [Toën, Mann–Robalo, K., Pourcelot]
Let (O,O0) be a hapaxunital ∞-operad in an (∞,1)-topos T. There is a lax morphism of
internal (∞,2)-operads

O
BO−−→ Cospan(T/−)

q

C 7→ Ext(idC )
inducing for each X O

BO,X−−−→ Span(T/−)
×

C 7→Mor(Ext(idC ),X)

The action of σ ∈ O(C1, . . . ,Cn;Cn+1) is given by

Ext(σ)

∐n
i=1 Ext(idCi ) Ext(idCn+1)

(σ◦i−)n
i=1 −◦1σ
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Sketch of construction [Mann–Robalo]

By descent: construct for T =∞-Grpd

1. O→ Cospan(∞-Grpd)q of (∞,2)-operads
⇐⇒ Env(O)→ Cospan(∞-Grpd)q of monoidal (∞,2)-categories

2. Env(O)→ Cospan(∞-Grpd)q ⇐⇒ Tw(Env(O))→∞-Grpd
opq [Barwick]

3. Tw(Env(O))→∞-Grpd
opq

⇐⇒ discrete cocartesian fibration of (∞,1)-operads ˜B(O)→ Tw(Env(O))op

4. ˜B(O)→ Tw(Env(O)) encoded by discrete cartesian fibration of (∞,1)-categories
B(O)→ Env(Tw(Env(O))) with weak cartesian structure [Lurie].
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Recovering the Gromov–Witten action

Corollary

There is a lax morphism of (∞,2)-operads in dSt M0
GW−−→ Span(dSt/−)

×

∗ 7→LµXP-st

Proof.
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Corollary

There is a lax morphism of (∞,2)-operads in dSt M0
GW−−→ Span(dSt/−)

×

∗ 7→LµXP-st

Proof.

M0 Span(dSt/−)
×

M0

Stab

BM,X

GW

Construct GW as oplax extension:
GW= OpexStab BM,X
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