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Reminder 0.1. Last week, Jon-Magnus defined:

o the Hodge-Tate divisor Weart'! = Weart x AT /Gl B Gm whose R-points are the

Cartier—Witt divisors I — W(R) such that I — I(R) — R is the zero map

¢ for every prism (A, I) a cartesian square

HT
Spf(A/T) —2— WeartHT

-]

Spf(A) A Weart

e apointn: Spf(Z,) — Weart"! given by V(1) where V denotes the Verschiebung
operator, and which is a faithfully flat surjection

* an equivalence Weartil ~ Bsptz, (an)spf z, = Spf(Z,) x B an where an is the
divided power envelope of G, along the ideal (t — 1)

¢ an invertible sheaf J — Oe, given by (I — W(R)) — [ ®w(g) R, and called the
Hodge-Tate ideal sheaf.

1 Sen operator for complexes on the Hodge-Tate divisor

Notation 1.1. Recall that we denote D(WeartT) the derived co-category of quasicoher-

ent sheaves/complexes on Weart"? defined formally as D(WeartT) = lim D(R).
Spec(R)—WeartHT

Remark 1.2. We have D(Weart'T) = lim(a 1)eprism ﬁ(A/I), where D denotes the P-
complete derived co-category, and the functors D(Weart"T) — D(A/I) are (pHT)*.

Example 1.3. For any n € Z, we have an equivalence Oyq, mr{n} >~ I™|,0,,m7-

Our goal is to understand D(WeartT), which is equivalently ﬁ(BSpf z, (ng)spf z,)-



Fairy tale 1.4. We will consider fairy-land to be working integrally.

Note that for any € € D(B Gp,), the endomorphism © induces an automorphism
id +¢0 of E®7Z[e]/(e?) which reduces to the identity modulo ¢, and it can be recovered
from this.

Construction 1.5 (Sen operator). Let R be a Z[¢]/(e?)-algebra. We let [¢] € W(R) denote
the Teichmuiller lift of . It is killed by the Frobenius morphism of W(R), so multiplica-
tion by (1 + [e]) acts as the identity on the Verschiebung ideal VW(R).

For any Cartier-Witt divisor (I % R) in the Hodge-Tate divisor, that is such that
o factors through VW(R) € W(R), multiplication by (1 + [¢]) then defines an auto-
morphism of (I, x). Lettting R and (I, «) vary, this determines an automorphism y
of the projection : Weartl x Spec(Z[el/(e?)) — WeartT. In particular, for any
& € D(WearttT), it induces an automorphism of € = € ®z Z[e]/ (e2) which reduces
to the identity modulo e.

We denote ©¢ the corresponding endomorphism of £, and call it the Sen operator on
E.

For any € € D(Weart'T), we will write &y =n*E € D(SpfZ,) ~ ]S(Zp), and we will
still write O¢: &, — &, for the restriction of O¢.

—

Gt (where 0 again denotes the

Example 1.6. Take € =1, 0gptz,, so that we haven*€ ~ 0
p-completion).

The automorphism 7y of 7: WearttT x Spec(Z[e]/ (e2)) — Weart'T used to con-
struct the Sen operator restricts to an automorphism of Spf(Z[e]/ (e2)) — SptZ, LN
Weart'T. Recall that we have Aut(n) ~ an, and this automorphism becomes 1 + ¢ €
Gha(Z,[e]/(£2)). -

One can then see that for any f(t) € Og: we have f((1 4 ¢)t) = f(t) + €O¢(f(t)), so
that ©¢ maps f(t) — t%f(t).

Example 1.7. For any Cartier-Witt divisor (I %4 R), the restriction W(R) —» R maps 1+ [e]
to 1 + ¢, so the Sen operator on J(I, ) = I ®yy(g) R is the identity.

Forany &,F € D(Weart'T), we have an equivalence Og gy ~ (O ®idg) + (ide ®O5).

It follows that @gm o acts as multiplication by n on J|’;v cartT = Ovwegrtir{nt.

Note that since the Sen operator is zero on O,y 1, the unit map v: Qe mr —
N:N*Orgepir = N Ospr 7, factors through

=0 _ ..
(T]* Ospf Z, ) = flb (QW*OSprp ) . (2)
Lemma 1.8 (Proposition 3.5.10). The unit map O, #r — (N<Ogps Zp)(a:o is an equival-

ernce.

Proof. Sincen: SpfZ, — Weart" is faithfully flat, it is enough to show thatn*Oye, mr —

n* (n*(‘)spf Zp)ezo is an equivalence. We have computed that the sequence whose exact-
ness is under question is

Gt - (©)



(t=n"

To compute it, we identify (56\,1 with the formal series f(t) = } | .y cn-—— such that
(cn)nen converges to 0 in Z,. The differential operator t% then takes the form
(t—1)" (t—1"
Z Cn .y — Z(CnH +1ncn) oy 4)
neN neN

from which we easily see that it is surjective and its kernel consists of those series

2 nenCn (tﬂ,]n whose coefficients ¢, = 0 for n > 0, so the unit copy of Z,,. O

Corollary 1.9 (Proposition 3.5.11). For any & € D(Weart"T), there is a fibre sequence
RI(WeartT &) — &, — &, (5)

Proof. Tensor the fibre sequence O nr — M Ospez, 9, N«Osptz, by € and use the

WCart
projection formula & ® N.Osprz, =~ n*(n*S @ Ospf Zp), so that the desired formula is

obtained by taking global sections. O

Proposition 1.10 (Corollary 3.5.14). A quasicoherent complex & € D(WCart"T) is equival-
ent to a Breuil-Kisin twist Oyyo,ur{n}, for n € Z, if and only if

1. the fibre &, is equivalent to Z,,,
2. the Sen operator ©¢: &, — &, is given by multiplication by n.

Lemma 1.11 (Proposition 3.5.15). The co-category D(WCart!'!) is generated by OvpearHT
under colimits, shifts, and positive Breuil-Kisin twists.

Proof. By |corollary 1.9, any € € D(WCart"'") fits in a cofibre sequence 1, &;[—1] 5,

M«Eq[—1] — &, so is a colimit of shifts of 1,.&;,. Thus we only need to show that the full
subcategory R generated under shifts and colimits by the O,c,,sr{n}, n > 0, contains
the objects of the form F = n,M for any M € D(Spf Z,). Since D(Spf Z,) is generated
under shifts and colimits by Ogptz,,, it will suffice to consider the case M = Ospf 7,

Viewing D(WeCarttT) as the oo-category of Ot -comodules in ﬁ(Zp), the object ' =
ot - denoted (56\,1 .

)m
~— form < n, one

N« Osptz, corresponds to the p-complete regular corepresentation of O

— (’[—1
m

Letting V<, denote the sub-Z,-module of O: generated by the

can check that the coaction c: 65 — Ogt @)6; leaves V<, stable so that it becomes a
(‘)ng
that

-comodule: indeed this coaction is determined by c(t) = t ® t, and so one can see

t—1)" t—1)" A
C(( ') > Etn®¥+06ﬁ ®V§n71-
n. n! m

This means that V<,, corresponds to an object F<,, € D(WCart!'!). Furthermore, the
Sen operator acts as multiplication by n on the quotient (F<n/JF<n_1)y, so by the recog-
nition principle the latter is isomorphic to O,e,,mr{n}. We can thus prove by induction
on n that F<,, € R for all n > 0, since we have a cofibre sequence F<,_1 — F<n —

Oypegir{n). Finally, I = colimy, <, is in R. O



Despite working on the Hodge-Tate divisor, it is also possible to leverage this result
to obtain a description of the derived oco-category of the entire Cartier—Witt stack (which
we will not need).

Corollary 1.12 (Corollary 3.5.16). The oco-category D(WCart) is generated under colimits
and shifts by the invertible sheaves ™ for n € Z.

Proof. Omitted for time. O
We can finally arrive at the main result.

Theorem 1.13 (Theorem 3.5.8). The functor

D(Weart'™) = D(Z[O))

&= (811)@8) (6)

is fully faithful, with essential image the objects M € D(Z[O]) satisfying:
1. The complex M is p-complete.
2. The action of © — © on the cohomology H* (F, @ M) is locally nilpotent.

Proof. We start by establishing full faithfulness, i.e. that for any &, F € D(WCart"T) we
have hom(€&,J) ~ hom((c‘ln, O¢), (T, @3")). Thanks to we may assume that
€ is Oyye,irin} for some n, and even that this n is 0 up to replacing J by F{-—n}.

We then have, on the left hand side of the desired equivalence, that hom(&,J) =
RI(Weart, ). Bythis is equivalent to fib(F, — F,).

On the other hand, since the Sen operator on Oypeqrhr ,, ACtS by zero, hom(((‘)wemmm, 0), (Fy, @g))
also forces the Sen operator on J, to become zero, or in other words takes the fibre of
Og. Thus both sides are indeed equivalent.

Let us now sketch the necessity and sufficience of the conditions identifying the es-
sential image of the functor. For necessity, the first condition is clear, and for the second
we can again reduce to the case of & = Oy, sr{n} on which the Sen operator acts by
multiplication by n, so that it follows from n = nP mod pZ. Now to establish suffi-
ciency, it is enough to show that the full subcategory of D(Z[B]) spanned by the objects
satisfying the conditions is generated (under colimits and shifts) by the O, sr{n}y, for
ne-z.

This means showing that every nonzero M in this subcategory admits a nonn-trivial
map from some Oyq,,sr{n};[ml. In fact, from knowing that the action of the Sen oper-
ator on Oyq,,mr{n}, is multiplication by n, we can write the latter object as Z,[0]/(© —
n)[ml. Now we have assumed that some cohomology group H™(F, ®" M) contains a
nonzero element p annihilated by some power of ©P —©, and so an element p’ annihil-
ated by ©F — ©. But on [, we have the decomposition @ —© = [y, (@ —n), so we
deduce the existence of an element " annihilated by some © — n, and thus defining a
map from Z,[0]/(0 —n)[m]. O



2 Understanding the structure of the Hodge-Tate divisor

2.1 The Frobenius operator of the Cartier-Witt stack

Construction 2.1.1 (The Frobenius endomorphism). Let (I % R) € Weart(R) C Cart(W(R)).
Then F(I, «) is still a Cartier-Witt divisor, where F denotes the Frobenius of W(R).
Thus F determines an endomorphism of the stack WCart, also denoted F and called
the Frobenius of WCart.

Example 2.1.2. For any prism (A, I), the Frobenius A — A coming from the §-structure
on A fits in a commutative diagram

Spf(A) A Weart

f| b @)

Spf(A) — WCart

Example2.1.3. For every n € Z, we have an isomorphism of invertible sheaves F*Oege{n} ~
F O Orean{n} where F*: D(WECart) — D(WCart) is pullback along the Frobenius.

Definition 2.1.4 (The de Rham point). Let (A,1I) be the crystalline prism (Z,, (p)). The
induced morphism pa: SpfZ, — WCart is denoted psr and called the de Rham point of
WCart.

Proposition 2.1.5 (Proposition 3.6.6). There is a commutative square of stacks

WeartlT « s Weart

| ®

SptZ, —;—— WCart
Theorem 2.1.6 (Theorem 3.6.7). For any & € D(WCart"T), there is a cartesian square

RT(WeartT| (F*&) lweaeir) < RI(WCart, F*€)

w ] »

RI'(Spf Zy, pjr€) +———— RT(WCart, &)

in D(Z,).

(F*,0ix

Corollary 2.1.7 (Corollary 3.6.9). The functor D(WCart) —)> D(Weart) X pweart )
D(Spf Zy) is fully faithful.

Example2.1.8 (Lemma 3.6.16). Forany n € Z, the complex RI' (F-"'Weart''T | F*(0,0,,41{n}))
is equivalent to either Z, © Z,[—1] or Z/ (p*)[—1] for some k > 0.



2.2 Covering by the q-de Rham prism

Construction 2.2.1 (The g-de Rham point). Consider the g-de Rham prism (Z,[q —
11, (Iplq)) and its induced morphism pqqr: Spf(Z,[q—1]) — WCart which is a faithfully
flat cover because the g-de Rham prism is transversal.

The group Z} acts on Spf(Z, [q —11) by (u, q) = g*, and pgqr is Z-equivariant

Proposition 2.2.2 (Proposition 3.8.2). This map determines a morphism of stacks [pqar]: [Spf(Zplq—
1)/2] — Weart, where Z is seen as a pro-finite étale group scheme.

Remark 2.2.3. The composite Spf Z,, a-l, [Spf(Zp [q—11)/ Zg] M) 'WCart coincides
with the de Rham point pggr.

As a consequence, we have a commutative square

[Spf(Z,)/Z] — [Spf(Z,lq—11)/Z)]

l lpqdR (10)

Spf 7, WCart

PdrR

Theorem 2.2.4 (Theorem 3.8.3). Suppose p is odd. Then the functor

D(Weart) — D([Spf(Z,lq —11)/Z;]) X D(Spf Z,) (11)
D([Spf(Zp)/Z5))

is fully faithful.

Corollary 2.2.5. For any & € D(WCart), the square

RT([Spf(Zy)/ 21, pjr€) «—— RI([Spf(Z,lq — ]]])/Zg],pzdRS)

w l o

RI(Spf Zp, 0E) RI(WCart, €)

is cartesian.
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